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Abstract
For a finite group G, we study the connections between the sizes of its commutator subgroup G′
and its center Z(G). For example, we prove that if G is a solvable group such that Φ(G) = 1 and
|G′| |G|1/3, then Z(G) = 1.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
All groups in this paper are finite. For a group G, we denote the Fitting subgroup and
the Frattini subgroup of G by F = F(G) and Φ = Φ(G), respectively. We denote also
by π(G) the set of primes dividing |G|. We look for connections between the sizes of G′
and Z(G). Intuitively, for a group with a “small” commutator it is more probable that the
center will not be trivial. As shown in Example A3 below, a restriction on Φ(G) should
also be added. Our main result is the following theorem.
Theorem A. Let G = 1 be a solvable group such that Φ(G) = 1. Let p = min(π(G)),
r = max(π(G)). Assume |G′| (|G| · r1/(r−1))(p−1)/(2p−1). Then Z(G) = 1.
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prime p equals 2, we deduce:
Corollary A1. Let G = 1 be a solvable group such that |G′|  |G|1/3. Then either
Z(G) = 1 or Φ(G) = 1.
If G is of odd order, then it is solvable by the Feit–Thompson theorem and (p − 1)/
(2p − 1) takes its minimal value 2/5 for the prime p = 3. Hence:
Corollary A2. Let G = 1 be a group of odd order. Assume |G′|  |G|2/5. Then either
Z(G) = 1 or Φ(G) = 1.
As the examples of Frobenius groups of order q(q − 1) (q a power of a prime) show,
for any ε > 0 there exists a solvable group G with Φ(G) = 1, such that |G′| |G|1/2+ε,
but Z(G) = 1. This implies a clear limit for our capability to improve Corollary A1.
In view of Corollaries B1 and 12 in the sequel, we propose the following conjecture.
Conjecture. Let G = 1 be a solvable group such that |G′| |G|1/2. Then either Z(G) = 1
or Φ(G) = 1.
The following example, taken from [2], shows that the restriction on Φ(G) is necessary.
We are grateful to the referee for suggesting the following transparent description of this
example. It is shown that for every ε > 0 there exists a group G (with Φ(G) = 1), such
that |G′| < |G|ε , but Z(G) = 1.
Example A3. Let F be a field of order p, where p is an odd prime, and let m and n be
positive integers. Let K be the subset of GL(m + n,F ) consisting of matrices of the form
±
[
Im A
0 In
]
,
where Im and In are respectively the m × m and the n × n identity matrices and A is an
arbitrary m × n matrix. It is easy to see that K is an abelian group of order 2pmn and the
Sylow p-subgroup of K is elementary abelian. Now let V be the space of row vectors of
length m + n over F and note that K acts on V by right multiplication. Let G = VK be
the semidirect product with respect to this action. Clearly |G| = 2pmn+m+n.
Since the action of K on V is faithful, we see that CG(V ) = V , and thus Z(G) ⊆ V .
But the −1 scalar matrix c lies in K , and it fixes no non-identity element of V , so we
may conclude that Z(G) = 1. Finally, since K is abelian, we have G′ ⊆ V , and since
[V, c] = V , G′ = V is of order pm+n . Now |G/G′| = 2pmn+m+n/pm+n = 2pmn, and it
follows that for every ε > 0 there exists a group G, with Z(G) = 1, such that |G′| < |G|ε .
When considering the exponent of G/G′ and comparing it with |G′|, we have the
following general result (here we do not assume solvability or Φ(G) = 1).
Theorem B. Let G = 1 be a group. Assume exp(G/G′) |G′|. Then Z(G) = 1.
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subgroup H  G such that G = HG′. We have G/G′  H/(H ∩ G′), implying that
exp(H) exp(G/G′)  |G′|. Since H is nilpotent, there exists h ∈ H such that o(h) =
exp(H)  |G′|. By [5, Corollary 2], the order of any automorphism of G′ is strictly
less than |G′|. Thus the action of h on G′ by conjugation is not faithful, namely
CG(G
′) ∩ 〈h〉 = 1. Since CG(G′) ∩ H is a non-trivial normal subgroup of the nilpotent
group H , we deduce that CG(G′) ∩ Z(H) = 1. But CG(G′) ∩ Z(H) Z(G), completing
the proof. 
If G/G′ is cyclic, then exp(G/G′) = |G/G′|, and so, if |G′|  |G|1/2, then |G′| 
exp(G/G′). Thus we obtain the following corollary.
Corollary B1. Let G = 1 and assume the G/G′ is cyclic. Then Z(G) = 1 if |G′| |G|1/2.
The mentioned above examples of Frobenius groups of order q(q − 1) (q a power of
a prime) show that Corollary B1 cannot be improved (clearly G/G′ is cyclic for these
groups).
In the sequel we obtain also Theorems C and D below, which provide information on
the size of the Fitting subgroup of any nilpotent by nilpotent group and any nilpotent by
abelian group, respectively. A related result, on the size of F(G) when G is a product of
two nilpotent subgroups, was proved by H. Heineken [3, Theorem 4].
Theorem C. Let G = 1 be a nilpotent by nilpotent group. Let p = min(π(G)),
r = max(π(G)). Then |F(G)| > (|G| · r1/(r−1))(p−1)/(2p−1)|Φ|p/(2p−1). In particular,
|F(G)| > |G|1/3|Φ|2/3.
Theorem D. Let G = 1 be a nilpotent by abelian group. Then |F(G)| > |G|1/2|Φ|1/2.
Since every supersolvable group is nilpotent by abelian, we obtain the following
corollary.
Corollary D1. Let G = 1 be a supersolvable group. Then |F(G)| > |G|1/2|Φ|1/2.
2. Proof of Theorem A
The following result by I.M. Isaacs [6, Theorem B] will be needed.
Theorem I. Let A = 1 be a nilpotent group acting coprimely and faithfully on a group
K = 1. Let p = min(π(A)). Then there exists x ∈ K such that |CA(x)| |A|1/p/p1/p.
An immediate corollary is
Corollary I1. In the notation of Theorem I (and under the same conditions) |K|p/(p−1) >
|A| · p1/(p−1).
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has size
∣∣A : CA(x)∣∣ |A|(p−1)/p · p1/p.
Since this orbit is contained in K −{1}, we obtain |K| > |A|(p−1)/p ·p1/p. The result now
follows by taking the p/(p − 1) power of the inequality. 
Other results on coprime actions of nilpotent groups can be found in [3].
The following lemma is well-known (see [8, Example 654(ii)]).
Lemma 1. Let N be a minimal normal q-subgroup of a group G (q a prime). Then
Oq(G/CG(N)) = 1.
Denote the nilpotent residual of a group G by U = U(G) (U is the smallest normal
subgroup of G such that the respective quotient is nilpotent; clearly U(G)  G′). The
subgroup U(G) was closely investigated by R. Baer [1]. A simple and useful fact on U(G)
is the following lemma.
Lemma 2. For any group G the centralizer CG(U(G)) is a nilpotent (and normal)
subgroup of G.
Proof. See [1, (11)]. 
Lemma 3. Let N be a minimal normal q-subgroup of G (q a prime) such that N 
CG(U) and N is non-central. Let p = min(π(G/CG(N))). Then |N |p/(p−1)|CG(N)| >
|G| · p1/(p−1).
Proof. We have U  CG(N) and so G/CG(N) is a non-trivial nilpotent group acting
faithfully on N . Moreover, by Lemma 1, Oq(G/CG(N)) = 1, yielding that G/CG(N) is a
q ′-group. Hence by Corollary I1,
|N |p/(p−1) > ∣∣G/CG(N)∣∣ · p1/(p−1),
implying the claim. 
Lemma 4. Let N,L  G satisfy N ∩ L = 1. Let α,β be constants, β  1. Assume
|N |α|CG(N)| > |G| · β, |L|α|CG(L)| > |G| · β . Put K = 〈N,L〉. Then |K|α|CG(K)| >
|G| · β .
Proof. Notice that
∣∣CG(K)∣∣ = ∣∣CG(N) ∩ CG(L)∣∣ = |CG(N)||CG(L)||CG(N)CG(L)| 
|CG(N)||CG(L)|
|G| .
Hence |K|α|CG(K)| |N |α|L|α|CG(N)||CG(L)|/|G| > |G|2β2/|G| |G| · β . 
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CG(U). Let p = min(π(G)), r = max(π(G)). Then |K|p/(p−1)|CG(K)| > |G| · r1/(r−1).
Proof. Firstly K is nilpotent by Lemma 2 and so it is a direct product of abelian minimal
normal subgroups Ni . Notice that for primes q ∈ π(G), q/(q − 1) gets its largest value
for q = p, and q1/(q−1) gets its smallest value for q = r (the second part of this claim is
true since x  y  1 implies y1/(y−1) x1/(x−1); see [6, Lemma 4.1]). Thus, by Lemma 3,
each non-central Ni satisfies
|Ni |p/(p−1)
∣∣CG(Ni)∣∣> |G| · r1/(r−1).
We want now to verify that also a central Ni satisfies this inequality. For that it suffices
to verify that |Ni |p/(p−1) > r1/(r−1). However, this is certainly true since |Ni |p/(p−1) 
(p1/(p−1))p > p1/(p−1)  r1/(r−1).
We conclude that the above inequality is satisfied by each Ni . Then, by repeated use of
Lemma 4, we obtain the result. 
From now on, for a group G we shall denote β = β(G) = r1/(r−1), where r =
max(π(G)).
Lemma 6. Let G = 1 be a nilpotent by nilpotent group such that Φ(G) = 1. Let p =
min(π(G)). Then |F(G)| > (|G| · β)(p−1)/(2p−1).
Proof. Since G is nilpotent by nilpotent, the subgroup U = U(G) is nilpotent and
U  F = F(G). Since Φ(G) = 1, we have by a well-known theorem of Gaschütz [7,
5.2.15(ii)], that F is a direct product of minimal normal subgroups of G, and, in particular,
F is abelian. Thus we have (recall that CG(U) is normal and nilpotent) F = CG(F) 
CG(U) F and F = CG(U).
It follows then by Lemma 5 that
|F |p/(p−1)∣∣CG(F)∣∣> |G| · β.
But CG(F) = F , so
|F |(2p−1)/(p−1) > |G| · β,
implying the claim. 
Lemma 7. Let G be a group such that Φ(G) = 1. Put Z = Z(G). Then Z(G/Z) = 1 and
Φ(G/Z) = 1.
Proof. Let W/Z = Z(G/Z). Then [G,W ]  G′ ∩ Z  Φ(G) = 1 (see [8, Exam-
ple 603(ii)]), implying W = Z and Z(G/Z) = 1. Now, since Φ(G) = 1, the abelian normal
subgroup Z has a complement H in G by [8, Example 626(i)]. Clearly H  G, whence
Φ(H)Φ(G) = 1. But G/Z  H , and so the proof is concluded. 
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Proof of Theorem A.
Suppose G is a minimal counterexample for the theorem (so Z(G) = 1). We have F =
F(G) = 1. By [7, 5.2.15(ii)], F = ΠNi , a direct product of minimal normal subgroups
of G. If F G′ then Nj ∩ G′ = 1 for some j , yielding Nj  Z(G). Thus we deduce that
F G′. Let F0,F1 be defined by
F0/F = Φ(G/F), F1/F0 = Z(G/F0).
Notice that Φ(G/F0) = 1, whence by Lemma 7,
Z(G/F1) = Φ(G/F1) = 1. (1)
We claim that F1 is nilpotent by nilpotent. Indeed, (F1/F )/Φ(G/F) = (F1/F )/(F0/F ) 
F1/F0, an abelian group. Thus (see [7, 5.2.15(i)]) F1/F is nilpotent and it follows that F1
is nilpotent by nilpotent. Denote α = (p − 1)/(2p − 1). Suppose first that G = F1. Then
by Lemma 6 we have
|G′| |F | > (|G| · β)α,
contradicting the assumption |G′| (|G| · β)α . We deduce hence that F1 = G.
Let p0 and r0 denote the minimal and maximal members of π(G/F1), respectively.
Then p0  p and r0  r . Since G/F1 is not a counterexample for the theorem, we obtain
by (1) that
|G′F1/F1| >
(|G/F1| · r1/(r0−1)0 )(p0−1)/(2p0−1)  (|G/F1| · β)α,
implying
|G′|
|G′ ∩F1| >
(|G| · β)α
|F1|α ,
and so
|G′ ∩ F1| < |F1|
α|G′|
(|G| · β)α  |F1|
α.
Since F G′ ∩F1, it follows that |F | < |F1|α . Recall that F1 is nilpotent by nilpotent and
notice that Φ(F1)Φ(G) = 1. Notice further that F is the Fitting subgroup of F1. Let p1
and r1 denote the minimal and maximal members in π(F1). Then p1  p and r1  r . Thus
by Lemma 6 we have
|F | > (|F1| · r1/(r1−1)1 )(p1−1)/(2p1−1)  (|F1| · β)α.
This contradicts |F | < |F1|α , and so the proof is completed. 
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We now prove Theorem C, using Lemma 6.
Proof of Theorem C. The group G/Φ has a trivial Frattini subgroup and so it satisfies the
conditions of Lemma 6. Its Fitting subgroup is F/Φ (see [7, 5.2.15(ii)]). Thus by Lemma 6
(we mention that π(G/Φ) = π(G) [8, Example 620], although the following can be proved
without it),
|F/Φ| > (|G/Φ| · β)(p−1)/(2p−1).
The first inequality of the result is obtained now by multiplying by |Φ|. The second
inequality is obtained from the first by deleting β (which is larger than 1) from the product
in the right-hand side, and by taking the minimum value 1/3 instead of (p − 1)/(2p − 1).
Note that |G|(p−1)/(2p−1)|Φ|p/(2p−1)  |G|1/3|Φ|2/3, since the sum of the two powers is
always 1. 
For proving Theorem D we need first some information on coprime faithful actions of
abelian groups.
Lemma 8. Let A = 1 be an abelian group acting coprimely and faithfully on a group
K = 1. Then |K| > |A|.
Proof. Consider the semidirect product S of K by A. Then A is an abelian Hall subgroup
of S, and so by [4] there exists s ∈ S such that A∩As S. However, since A acts faithfully
on K , it contains no non-trivial normal subgroups of S. This implies A ∩ As = 1, and
|A| < |S|1/2 must hold (even |A| = |S|1/2 is impossible, since S is not a product of two
conjugates of A). Hence |K| > |A|. 
Lemma 9. Let N be a minimal normal q-subgroup of G (q a prime) such that N 
CG(G
′). Then |N ||CG(N)| > |G|.
Proof. Since N  CG(G′), we have that G/CG(N) is abelian, and by Lemma 1 it acts
coprimely on N . Thus, by Lemma 8, |N | > |G/CG(N)|, implying the claim. 
Lemma 10. Let K be a direct product of minimal normal subgroups of G and let
K  CG(G′). Then |K||CG(K)| > |G|.
Proof. Follows by Lemmas 4 and 9. 
Lemma 11. Let G = 1 be a metabelian group such that Φ(G) = 1. Then |F(G)| > |G|1/2.
Proof. We conclude, as in Lemma 6, that F is a direct product of minimal normal sub-
groups of G, and considering G′ instead of U(G), we deduce that F = CG(F) = CG(G′).
It follows then, by Lemma 10, that |F ||CG(F)| > |G|, which implies |F |2 > |G|. 
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Proof of Theorem D. By Lemma 11 |F/Φ| > |G/Φ|1/2. The result follows by multi-
plying by |Φ|. 
Corollary 12. Let G = 1 be a metabelian group such that |G′|  |G|1/2. Then either
Z(G) = 1 or Φ(G) = 1.
Proof. Suppose Φ(G) = 1. Then F(G) is a direct product of minimal normal subgroups
of G. By Lemma 11 |F(G)| > |G|1/2, and since |G′|  |G|1/2, it follows that F(G) is
not contained in G′. Thus there exists a minimal normal subgroup N of G such that
N ∩G′ = 1. Then N  Z(G), completing the proof. 
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